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The Non-Critical TV = 2 String is an s£{2\1) Theory 

A. M. Semikhatov 

I. E. Tamm Theory Division, P. N. Lebedev Physics Institute, Russian Academy of Sciences 

Abstract 

Any non-critical N — 2 string is shown to have an affine s^(2|l) worldsheet symmetry in the conformal gauge. 

1 Introduction 



N = 2 strings have been studied now for about two decades (see for a review). The (2, 2) theory 
was first quantized a la Polyakov in j^, where the critical dimension was found to be 4. In the BRST 
approach, this result was obtained and further discussed in ^]. That the target space is complex two 
dimensional was realized in , where the geometry for the N = 2 strings was investigated and shown to 
be self-dual. The moduli and BRST cohomology of the N = 2 strings were studied in . Recently, a very 
important role was proposed for the heterotic (2, 1) strings in the M-theory 

Non-critical string theories involve, in addition to the corresponding (super)matter theory and ghosts, 
the (super) Liouville sector whose central charge adds up with the matter central charge to the critical 
value. The N = 2 string is described on the worldsheet by A^ = 2 matter coupled to two dimensional N = 2 
supergravity Q. This string theory is singled out for a number of reasons, one of them being that the 
Q\ bosonic (A^ = 0) and A^ = 1 strings can be embedded into it On the other hand, the 

■ A^ = 0, 1, 2 non-critical string theories in the conformal gauge have hidden + 2 twisted supersymmetry 
I algebras on the worldsheet [15, 1^, 17]. The realizations of the N + 2 algebras provided by the non-critical 

Q-i, 



X 



string theories can be obtained via hamiltonian reduction from the affine Lie superalgebras |16| , [l^ . This 
gives rise to the proposal |17, 19, 20| to classify string theories in terms of Kac-Moody (super)algebras, 



the idea not unrelated to the embeddings of different string theories into each other |T^]. 

The various relations between non-critical string theories and WZW models have been studied from 
different points of view for a long time, and the A-l-2 supersymmetry algebras are in fact a step towards the 
WZW theories. The simplest case corresponding to the bosonic string is the affine s(.{2) algebra; the N = 2 
superconformal algebra, which is realized in the bosonic string, does indeed have many features in common 
with s£(2) (thus, the two algebras 'share' the parafermions and have intimately related singular vectors 
and in fact similar representation theories Q). Moreover, the realization of the N = 2 superconformal 
algebra in the bosonic string carries over to an s£(2) representation in terms of an arbitrary matter theory 



tensored with several free-field theories [23|. This pattern extends to the A = 1 superstring and the 
osp{l\2) Kac-Moody algebra |24|. Thus, in the two lowest cases {N = and A = 1), by tensoring the 
respective non-critical string with an additional free scalar, one can reconstruct the ambient space of the 
hamiltonian reduction: the corresponding Kac-Moody currents and the 'Drinfeld-Sokolov' ghosts (those 
that are needed in order to build the BRST complex for the hamiltonian reduction). 

In this paper we show that for the non-chiral N = 2 (i.e., (2,2)) string this reconstruction of, in that 
case, the s£(2| 1) Kac-Moody superalgebra can always be achieved directly in the space of fields of the non- 
critical N = 2 string in the conformal gauge, irrespective of the realization of its matter sector. Therefore, 
any non-critical N = 2 string bears a representation of the s^(2|l) current algebra. In fact, at the level of 
comparing the energy-momentum tensors, the non-critical N = 2 string is the same as the s^(2|l) current 
algebra together with two fermionic and two bosonic first-order systems, the 'Drinfeld-Sokolov' ghosts. 



Thus, while the hamiltonian reduction of ■s£(2|l) gives rise to the N = 2 superconformal algebra |25, 16, 15], 
dressing that 'matter' theory with the N = 2 gravity multiplet allows us to 'invert' the reduction, i.e. to 
reconstruct both the s^(2|l) currents and the Drinfeld-Sokolov ghosts. 

In section 2, we give the main construction of this paper, the si{2\l) currents realized in any non- 
critical N = 2 string. Restricting this construction to the osp{V\2) and s£(2) subalgebras will result in 
a new pattern of mappings between = 2, 1,0 non-critical strings, which we consider in section 3. An 
adaptation of the new realization of s£(2|l) for the topological string is given in section 4. In section 5 we 
consider the representation spaces and construct the s^(2|l) highest-weight states in the tensor product 
of certain N = 2 matter Verma modules with free field modules, and outline the corresponding KPZ-like 
formulation (which appears to have become tautological by virtue of our construction of s^(2|l)). In 
section 6 we consider a 'non-stringy', more economical, reformulation of the new realization of s^(2|l) 
in terms of = 2 matter dressed with free fields, the latter no longer being those of the N = 2 string; 
relation of the new realization to the Wakimoto representations of s£(2|l) is also considered here. Section 7 
contains several concluding remarks, and the Appendix summarizes our conventions. 



2 s£(2|l) in the N = 2 supergravity 

In this section we will present our main construction, a representation of the affine s£(2|l) algebra 
( A.l) in terms of the fields of the N = 2 noncritical string. The N = 2 matter is described by the energy- 



momentum tensor T^{z), the U{\) current H^{z) and two supersymmetry currents G^aiz) and Gja{z)- 
The operator products are written out in the Appendix. The N = 2 matter central charge is 

= 3 - 6g2 = -3 - 6A; , (2.1) 

where the matter background charge satisfies Q = k + 1. 

In the non-critical N = 2 string one also has the reparametrization ghosts he and the U{1) ghosts r]^: 

6(^) c(u;) = ^_ , r^^z)i{w) = -^, (2.2) 

z — w z — w 

and the bosonic ghosts 

P{z)j{w) = ^^, (3{z)j{w) = ^^, (2.3) 

z — w z — w 

and, finally, a super-Liouville sector represented in components by a free complex scalar and a complex 
fermion: 

d^{z) d^iw) = , ~ , V'(^) ^{w) = . (2.4) 

[z — wY z — w 

The energy-momentum tensor reads 

T = T^-dbc- 2hdc - rjdC - ^d^-f - |/397 - ^dp^ - ^Jdd^ 



- d(l)d(t) + \dd(t) + dd(t) + \d^^lj - ^ipdxp 



(2.5) 



We do not make any assumptions on the nature of the N = 2 matter represented by the energy- mom- 
entum tensor Tm, the U{1) current H^a and the supercurrents Gm and Gm- This can be any such theory. 



hence our construction is similar to those of refs. |15, O, 23, 17] in that the matter sector is only required 



^These formulae simply introduce a new parameter, k\ later this will become the level of the s£(2|l) algebra we are going 
to construct. The matter central charge will thus be unambiguously related to the level. 
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to satisfy the appropriate (super)conformal algebra. Another remark is purely technical: the OPEs (2.4) 
are invariant under rescalings 

(p ^ a(j) , (f> ^-^ (j) , (2-6) 



therefore only the product QQ of the Liouville background charges introduced into the energy-momentum 
tensor as +^ Qddcf) + ^Qdd(f> has an invariant meaning. The central charge in the super-Liouville sector 
is 3 + 6QQ = 3 + 6^2. 

Now we are going to use the fields Tm, H^, Gm, Gm, b, c, r/, ^, /?, 7, f3, 7, 50, dcp, tp, ip to construct 



the sl{2\l) currents Ei, E2, E12, H' , H+, Fi, F2, F12 that would satisfy the OPEs ([Aip. 
The upper-triangular currents are an easy part: 



El 


= ipe 


E2 


= V'e 


E12 


= 



(2.7) 



The choice of ip vs. ip is merely a convention; also, the exponents in (2.7) may be changed by a common 



factor due to (2.6). 

Now we expect the matter ingredients Tm, Gm, Gm, and H^a to enter the lower-diagonal currents, 
i.e., the matter fields should go to where they are to be found after the hamiltonian reduction. We thus 
expect Tm to go into F12. For Gm and Gm we also have natural candidates: Fi and F2 respectively or 
vice versa (the choice is conventional in view of the automorphism of the algebra ( [A.3| ) that includes the 
mapping Gm ^ Gm). Further, we have to incorporate the matter current. Then, H~ is a linear 
combination of the remaining currents that one has in the N = 2 non-critical string: 

These currents are mutually orthogonal, normalized properly and satisfy the required OPEs with the upper 
triangular currents (2.7)p|. 



The precise form of the rest of the algebra is less obvious, considering an enormous number of potentially 
allowed terms. However, these actually reduce to a reasonable amount; thus, Fi is essentially proportional 
to ip, plus a piece that contains one of the matter supercurrents, as expected: 

El = [Gm-bci^ - i/?7V^- i^7V^+i9^V^+i(3 + A;)50V^-r?e? - ^i/m? - (A; + i)aV^)e~<^ (2.9) 

Note that there is a symmetry 

Gm oGm , Gm — > a ^Gm (2.10) 



of the N = 2 algebra, which allows us to introduce an arbitrary non-zero parameter in front of Gm in (|2.9| ) 
(and then, accordingly, in front of Gm in the subsequent formulae). 

In (|2.9| ), the notation is somewhat abused in the following manner. Throughout the paper, the nested 
normal orderings are assumed from right to left, as :A .BG: :. However, in order to make the formulae 
shorter, we write the vertex operators exp(o0) as common factors. Thus eq. (2.£) and similar formulae 



below should be understood by multiplying every term in the parentheses with e and introducing the 
normal ordering as explained. 



■^We have chosen the 'real' basis for the two /37 systems rather than the 'complex' basis in which P^{z) j^{w) = —l/{z — w). 
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Next, not surprisingly, F2 is essentially proportional to ^, plus a term with the other matter supercur- 
rent: 

F2 = [{k + l)G^ + bciJ + ^pJ^l^ + ^^^^l^-^^^i;-^i3 + k)^(^)i; + rJ^^P-^H^^P + {k + ^)^i;y-'^ (2.11) 
Now Fi and F2 give rise to Fi2- 

F12 = [{k + l)T^ -{k + l)Gm? + iH^H^ + ^H^tfi^ - bc(3-f - bcpj + bcd^ + (3 + k)bcd(l) 

- 2bcv^ - kbdc - i/3/377 + 1/379^ + (i + l)Pld(^ - (i + l)Pdj - - ^PlPl 

+ \l3^d4> + (1 + 1)^7^0 - (i + 1)^97 - i W - (1 + I) W - i(3 + fc)' W - ??e/37 



- ??^,57 + riid4> + (3 + A:)7?e5(/. - + G^nV + (i + D^^V^ " (2 + k)dbc - (| + |)a/37 

- (i + \)dPl + \{k + l)dd4> + i(3 + 4A; + A;2)a9(/> - (2 + k)diii -{\ + \)di}lf)e-^^ 

(2.12) 

All the s^(2|l) OPEs (A.l) are now satisfied (and so are those vanishing ones which are not shown in 
( |A.1D exphcitly). 

Since the N = 2 matter is to be recovered as the result of the hamiltonian reduction of s£(2|l) |2^ ], 
the above construction can be viewed as an 'inversion' of the hamiltonian reduction. It is thus achieved 
by dressing the N = 2 matter into the N = 2 string. A natural question is, how much bigger the N = 2 
non-critical string is than the ■s£(2|l) algebra just constructed, that is, what is the 'codimension' of s^(2|l) 
in the N = 2 string? It turns out that the directions in the N = 2 string field space orthogonal to the 
s^(2|l) algebra are naturally organized into precisely those ghost fields that have to be introduced when 
performing the hamiltonian reduction of s£(2|l) (including the auxiliary fermionic system). These are two 
fermionic be systems and two bosonic (i^ ones; we will call them the Drinfeld-Sokolov ghosts, in order to 
distinguish them from the N = 2 string ghosts. 

The Drinfeld-Sokolov ghosts can be constructed along with the s^(2|l) currents out of the same ingre- 
dients, the N = 2 non-critical string, as 

-1 



B 


= /3e-^ 


r = 


7e^ = 


^ ^{z)T{w) = 


B 


= /3e-^ 


r = 


7e^ = 


^ ^{z)T{w) = 


B 


= 6e-2^ 


c = 


ce2^ = 


^ B{z)C{w) = 


C 


= ee^^ 


B = 


7?e-2^ = 


^ C(z)B{w) = 



z 


— w 




-1 


z 


— w 




1 


z 


— w 




1 


z 


— w 



(2.13) 



Then we have the following fundamental identity, which can be interpreted as a 'completeness relation': 

7sug + TDs = T, (2.14) 
where T is the N = 2 string energy-momentum tensor (^.5|), Tsug is the ■s£(2|l) Sugawara energy-momentum 



tensor ( [A.2| ), and the Drinfeld-Sokolov ghost energy-momentum tensor is 

Tds = -B9f- Bar-S9C-C5i3. (2.15) 



The identity (2.14) tells us that the non-critical N = 2 string is the same, at the level of energy- 
momentum tensors, as the s^(2|l) superalgebra plus the Drinfeld-Sokolov ghosts (we do not consider in 
this paper the subtle questions of the definitions of the respective spaces of physical states and relations 
between them). Let us note that limj^^-i Tsug = -|- ... is finite in the realization (^)- (|2.12| ), and in 
fact the identity ( ^.14 ) remains valid as k —1. 
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In the rest of the paper we consider several immediate consequences of the construction ( ^.7[) -( 2.13 ). 
A more compact expression for the s^(2|l) currents can be obtained as fohows. We introduce a scalar 

dF = -\d4> - i(3 + k)d<P + 6c + i/37 + + ??e (2.16) 
Then the s£(2|l) currents rewrite as 
H- = dF + kd(j) , 



F2 = [ipdF -\H^^lj + {k + l)G^ + {k + \)d^l;)e-^ , (2.17) 
F12 = [-dFdF-{k + l)ddF + G^i> + lH^H^ + ^H„,^^+{l + l)tl;di^ 

-{k + l)G^i^+ {k + i)r„, + (-i - |)aV'?)e-2^ 



Let us add one more word of caution: as we have remarked, the exponential factors in the above formulae 
are always assumed to multiply every monomial in the parentheses and the monomials are normal ordered 
as, e.g., -.dF :dF e''^''': :. 

It is now obvious, in particular, that the bosonic ghosts /?, 7, /?, and 7 enter the s£(2|l) currents only 
through their respective ghost currents :/?7: and -.P'y: (clearly, :/3 176""^: : = : e~'^: ). 

3 Subalgebra embeddings and 'projections' of non-critical strings 

In this section we show how the embeddings of subalgebras, si{2) ^ osp{l\2) ^ si{2\l), can be 
used to derive representations similar to ( |2.7] )-( 2!T^ ) for the si{2) and osp{l\2) current algebras. These 



representations will be in terms of the corresponding (A^ = and N = l) matter theories and a number of 
free fields. All the free fields originate from the N = 2 string in the conformal gauge, and upon reduction 
to = 1 and A^ = they will give rise to the respective (A = 1 or A = 0) non-critical string ghosts and 
Liouville, plus an additional scalar; the A = 2 matter sector will mix with the A = 2 Liouville superpartners 
to produce the lower-supersymmetric matter theories. Thus we are going to consider the following diagram: 

affine algebras s£(2) < — osp{l\2) < — s£{2\l) 

T T T 

non-critical strings, 

optionally with an (N = 0) (g) {dV,) < {N = I) [dv^] < A = 2 

auxiliary scalar 

i y i y i (3.1) 

matter theories, 

optionally with Li- (A = 0)m < — {N = l)^(g){p) < — (A = 2)m (?^, V') 

ouville ferniion(s) 

matter theories (A = 0)m (A=l)m (A = 2)m 

We have adopted here the following 'anti-mathematical' convention as regards the direction of arrows. 
Consider two algebras A and B with generators (a^) and (bj) respectively. Then constructing the generators 
of A in terms of those of B, Oj = fi{bj), determines what is normally denoted as the mapping A ^ B, 
since it tells us that any Oj is mapped precisely into the respective fi, viewed as an element of B. Then we 
would have to call, e.g., the mappings of reL |l^ projections rather than embeddings of string theories, 
like (A = 2) — > (A = l). We do not dare to challenge the established terminology however, and will write 
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(A^ = l) — > (N = 2) in the case when the N = 2 fields are constructed out of those of an A^ = l theory. Then 
the new mappings we are going to discuss are directed as shown in ( |3.1| ). Thus, A ^ B reads 'take the 
generators of A and construct generators of B\ 

Let us begin with the embedding osp{l\2) ^ sl{2\\): the osp{l\2) currents can be identified as 



I — Ei2 , I — Fi2 , 

I^^ = E1 + E2, = F1-F2, (3.2) 



/o = H- 

They satisfy the osp{l\2) OPEs with precisely the above level k (our conventions for osp{l\2) are specified 
in the Appendix). By substituting into ( p.2| ) the above expressions for the si{2\l) currents, we will of 
course get a realization of the osp{l\2) algebra. However that realization will not be 'irreducible' in the 
sense that the currents ( p. 21 ) depend actually on only certain combinations of the N = 2 string fields. These 
special combinations turn out to make up an A^ = l non-critical string theory onto which we can ^projecV 
from the N = 2 string. Let us describe therefore how this is carried out. We are going to introduce a new 
basis in the space of fields of the N = 2 string in such a way that some of the new fields will be the N = \ 
string fields, while the others will decouple from the string. 

First, we realize the N = 2 Liouville fermion in terms of two real fermions A and p, 

p{z)p{w) = A(z)AH = ^^, (3.3) 

z — w z — w 

as 

i^ = ^^{p + X), ?=^(A-p), (3.4) 

which, clearly, is an invertible transformation. Then, as we are going to see, p will be a part of the A^ = l 
super-Liouville, while A will participate in constructing an 'effective' = 1 matter theory: For any N = 2 
matter with a non-critical central charge Cm = — 3 — 6A; / 6, tiiere is a mapping (A = 2)jn (A) {N = l)^ 
to an N = 1 theory, which is defined by 



(3.5) 



G'jv=i = -V2a+Gra + ^{a-+a+)Gm + a+HraX, 

Tn=i = {l-al)T^ + V2alG^X + ^alH^H^ + j^ial-l)G^X + ial-^)dXX, 

a+ = -^, a?. = 2/c + 3. (3.6) 
The N = l superconformal algebra can be checked for the generators thus constructed: 



T,-M-_A^) = ^/|i?^ + %lM. (3.7) 



w)^ z — w 



the central charge being 



c?^=i = ^-301- 3al (3. 
by virtue of eqs. ( A. 3D , (|3.3D. We call the theory (G^^^, TXf=i), eqs. ( |3.5| ), the 'effective' A = l matter. 
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The remaining fields of the N = 2 string are d(j), d(j), b, c, (3, 7, /?, 7, and ^, rj. We now change the basis 
in the space of these free fields; as the new independent fields we take: i) the ghosts (3, 7, b, c, ii) the 
Drinfeld-Sokolov ghosts B, F, C, B, and in) two real bosons dv^: and d(p, with 

dv^{z) dv^{w) = - — , d(f{z) dip{w) = -- — . (3.9) 
(z — W)'^ [z — w)'^ 



Thus, in addition to (^74|), we express the fields dcj), d(j), /5, 7, rj, ^ as 

= a+{d^-dv^), = 2BC + Br-{^a.-^a+){d!f + dv^), 

P = Be"+(^-''*), 7 = f e-"+(^-''*) , (3.10) 

The last two lines are nothing but the first and the last lines of ( 2.13| ) respectively, however with B 
and r (bosons), and C and B (fermions) now viewed as independent fields with the operator products 
B{z)T{'w) = —l/{z — w), B{z)C{w) = l/{z — w). The free fermion p, which is what remains of the N = 2 
Liouville superpartners after A has gone to construct the A^ = l matter, does not mix with other fields. 
In the new basis, the currents (^^) rewrite as 

1° = -^a+dif + \[a- +2,a+)dv^ +bc+\l3-f , 

= (V26cp+^/37P+^5(/.p + ^G^^i + ^(a2 -2)9p)e-+(^--*), (3.11) 
r = (-bcf3-i -a-bcd<f + {l-\al_)bdc-\pp-i-i-\a.l3-idip 

+ {\- \al)(5d-i - lald^dif - la.pGj^^^ + ^a^Tj^^i - (^ + lal)dbc 

- \aldPj+l{a^ - ai)ddip + Hal - i)5pp)e-2"+(^-''*) 

and in this form represent an intrinsic- = 1 construction |24|: given any N = 1 matter theory (GAr=i, 
T]y=i) determined by (^), (|3.8D , coupling it to the = 1 supergravity multiplet dip, p, be, Pj, and 
additionally tensoring with an auxiliary scalar dv^,, we would obtain a realization of the osp{l\2) current 
algebra, with the osp{l\2) OPEs ( [A.4D satisfied and the level being k = |(a^ — 3). 

The other two N = 2 Drinfeld-Sokolov ghost systems BC and BF, re-expressed in terms of the new 
fields introduced in ( 3.1C| ), 

B = /5e-"+('^-^*) , F = ^e°+(^-''*), 

(3.12) 

B = 6e-2"+(^-^*) , C = ce2"+(^-^*), 

remain the 'Drinfeld-Sokolov' ghosts for the osp{l\2) algebra: the osp{l\2) theory with the twisted Sug- 
awara energy-momentum tensor, plus the energy-momentum tensor for BC and BF, 



Tospim = 2a^(/0/o + i/+/- + i/-/+ + i/+^/ ^-i/ ^/+^) + a/o, 

Tgh = -dBC-2BdC-^dBr-^Bdr 



(3.13) 



rewrite precisely as the A^ = l supergravity plus an extra U{1) theory represented by dv^:'. 

fosp(i\2)+TGH = T^^^-2bde-dhe-lf3d-f-\dl3-f-\d^d^ + \{a^-a^)dd^-\dpp 

+ \dv^. dv^ + ^{a- — a+)ddv^. , (3-14) 
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which is an o,sp(l|2)-(A^ = 1) analogue of ( |2.14| ). The central charge in the d^p-p sector is the required 



^ + 3a2 +3a2. (cf. (|3j)). 



Eqs. ( 3.11| ), (|3.12|) are the construction of the osp{l\2) current algebra from [H], which is valid for 



any non-critical A^ = l string tensored with an auxiliary scalar. Now we see that this is also the osp{\\2) 
representation induced from the s^(2|l) algebra realized in the N = 2 string. The subalgebra embedding 
osp{l\2) ^ si{2\l) thus allows us to map the respective non-critical string theories and, another level 



down, the matter theories as in (|3.5|), see (3.1). 

To return to the interpretation of (7jy=i, G^^^^) as the 'effective' = 1 matter made out of the 
ingredients of the N = 2 string, we see that the be and Pj ghosts remain in their capacities of the 
reparametrization and the 'gravitino' ghosts respectively, while d<p and p are the components of the N = l 
super-Liouville (thus, as expected, just one of the N = 2 supersymmetries gets broken). On the other 
hand, dv^:, BT and BC decouple from the A^ = l string. It may be worth noting that the BC and BT ghosts 
make up a topological bc(3^ theory, so one may practice in proving the cohomological triviality of modding 
out the BCBT system. The identifications of the different sectors can be summarized as follows: 

/?7 he Grn ^ ^ dcp 8^ ^7 



/37 be G„, Gm A /? 5^ dv^ BT C B 



/?7 be Tn=i Gn=i P dv^ BT C B 

V. ' 

A''=l string 



osp{l\2) BC BT BT CB 

We would like to stress that this picture reflects nothing but a simple fact of the subalgebra embedding 
osp{l\2) ^ s£{2\l) of the osp(l|2) algebra from the bottom line into the si{2\l) algebra associated with 
the top line of the diagram. 

This is not yet the end of the story: one can reduce further down to = theories, which would 
correspond to taking just the (common) s£{2) subalgebra of s£(2|l) and osp{l\2). We thus start with the 
theory whose energy-momentum tensor is given by the RHS of (|1|) with / -1 (A; / -2) and further 
rearrange the fields with the aim to single out the non-critical bosonic string. First of all, the A^ = 1 matter 



(3.7) tensored with the p fermion 'projects' onto the A^ = matter: 



" rT^^=i TT^^^=i^+2(rT^^^ 



(3.15) 



((fc + l)r,n + + i^m + |/?m V' V' - + l)Gm V' 



+ 1(1 + 2k)il) 5^ - i(l + 2k)di: V)) 



where we have also re-expressed Tj^^q through the fields of the N = 2 string^. In the following, however, 
we will not expand the = 1 fields in terms of the N = 2 ingredients. As is easy to check, the operator 
products ( |3.7| ), (3.3) alone allow one to show that Tjy^Q is an energy-momentum tensor with central 



charge 



d =13-6(A: + 2)-^. (3.16) 



Which shows that the throughout 'reduction' to the 7V = matter (and hence to the bosonic string) is possible from the 
N = 2 string whenever Cm 7^ 9. 
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To 'project' onto the whole N = non-critical string, we need to identify the corresponding Liouville 
field. To this end we mix the free fields as follows. Recall that in the A^ = l setting we have, in addition 
to the A'^ = 1 matter, the ghosts be and f3'y, the Liouville system dip and p, and the auxiliary scalar dv^. 
As we saw in the first equation in ( p. 15 ), p goes to construct the 'effective' = matter. Among the 
remaining free fields, we choose a new basis: as the new independent fields, we take the bosonic N = 1 
Drinfeld-Sokolov ghosts BF, along with two scalars and 9Vi with the operator products 

dV,{z)dV.{w) = ^ d^z)d<l>{w)=- ^ (3.17) 

[z — w)'^ [z — wy 



introduced via 



dip = a+Br + ^i=(a$ + a^5K), 



dv^ = a+Br + ^l + a^9K, (3.18) 



Then the si{2) currents rewrite as 

/° = -V2a+d^ + {^a^ + V2a+)dV^+hc 
r = {^{2- ai)bdc- V2a^d<^>bc- a'idbc 

+ al{TN=Q - \d^d^ - ^(a_ + a+)a9$))e-^"+(*-^*) 



(3.19) 



where a_ = — l/a+ and 



°+ = ^' (3.20) 



whence a_ = k + 2. The s£{2) currents are thus expressed through the energy-momentum tensor Tn=q, 
the be (reparametrization) ghosts, the N = Liouville and the auxiliary scalar dV^,. In fact, any N = 
matter theory with central charge ( |3.16| ) can be dressed into an s£{2) algebra of level k by tensoring with 
the ghosts, a 'Liouville' scalar and an auxiliary scalar. This construction, known from |23], is therefore 
recovered from the embedding sl{2) ^ osp{l\2) \24\. 

The fermionic Drinfeld-Sokolov ghosts BC that we had in the A = 1 context, remain the Drinfeld- 
Sokolov ghosts for the si{2) algebra. They are re-expressed in terms of the new ingredients as 

i? = 6e-^'^+(*-^*), C = ce^'^+(*-^*), (3.21) 

which allows us to show that the (twisted) si{2) Sugawara energy-momentum tensor, plus the energy- 
momentum tensor for the BC ghosts, evaluate as the A = string with an auxiliary 914 scalar: 



^(7° 1° + i/+ /- + iJ- /+) +dI°-dBC- 2B dC 
\dV, dV, + ^(a_ - a+)ddV, . 



TN=o-2bdc-dbc-\d^d^-^{a^ - a+)dd^ (3.22) 



This is the A^ = version of the 'completeness relation'. The central charge in the 9$ ('Liouville') sector 
is 13 + 6{k 2) as it should. 
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A remark is in order concerning the mapping (iV = l matter, p) ('effective' N = matter), eq. (p^) , 
induced by the embedding si{2) ^ osp{l\2): it relates the central charges as 

, ^ d%=Q + IMn=o - 5 ± {dN=o - 1) V(25 - (ijv=o)(l - dN=o) , . 

'^=' 2(2 + d,v=o) ^ ■ ^ 

When dN=o ^ — 2, the '+ '-branch gives a finite value dN=i = — |- The inverse relation reads 



{dN=l — ^){dN=l + i) ± (I — dN=l)\ — (iAr=l)(| — dN=l) 

dN=o = ^TT^-^ (3.24) 



The mapping ( p. 24 ) can be applied to any N = 1 {p,q) minimal model tensored with a p fermion. The 
= 1 central charge is then mapped as 

{IS - fi£±2 _ 
T (3-25) 



depending on the sign in ( p.24D , and the 'effective' N = matter theory thus gets identified with a model 
from the A^ = minimal series. 

The main feature that distinguishes the s^(2|l)/A = 2 case is that, in contrast to osp{l\2) and si{2), 
the construction of the s£{2\l) currents does not involve any extra free fields in addition to the fields of the 
respective supergravity in the conformal gauge. Note also that the representation ( p. 19 ) of si{2) in terms 



of the N = non-critical string (T]\f=Q,d^,b,c) tensored with the scalar blows up at /c ^ —2, which 
naturally corresponds to the infinite matter central charge dN=o — > c>o; similarly, the construction ( p.ll ) 



of osp{l\2) works only for k — |, which means having finite N = 1 matter central charges dN=i oo. 



On the other hand, the realization ( p.7D -(2.12) of the s£(2|l) algebra remains valid for any finite level k. 

In the critical N = 2 string, with = 6, q"^ = the Liouville sector decouples from the string, 
but not from the s£(2|l) algebra, which continues smoothly to the corresponding level k = — |. The 
construction ( |2.7D -( p^ is therefore somewhat 'less natural', from the stringy point of view, for the 
critical N = 2 string, since it requires either introducing an 'external' d(pd(j) '0'0-theory or structuring the 
critical matter into the 'proper matter' and the 'Liouville' theory whose central charges add up to the 
critical value. 



4 Topological strings 



In this section we reformulate eqs. (2.7)-( 2.12 ) for the case of the topological strings |^^. We thus 
start with the topological conformal matter represented by the generators %n, Gm, Qm, and TCm, which 
satisfy the twisted- A = 2 algebra 



Tra{z)Qra{w) 
%a{z)Hra{w) 



2TM ^ dr^ 



{z — wY Z — W 

2g^{w) ^ dg^ 



{z — wY z — w 

c/3 n,„{w) dHr 



Hra{z)Hra{w) 
'Tm{z)Qra{w) 



c/3 



{z — wY ' 



Qra{w) ^ dQ, 



{z — w)^ {z — wY z — w ' 



z — w 

c/3 Hmiw) 



'Hni{z)Qm{'w) 



{z — w)^ z — w 



z — w 



+ 



{z — w)^ {z — w)"^ z — w ^ 



(4.1) 
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with the topological central charge 



6A;. 



(4.2) 



We will not introduce more notations and will have '0 denote the gradient of the 'topological' fermion 
for which dxiz)il'iw) = — w). Similarly, we will preserve the notation d(f) for what is often called dn 
in the topological string p^ . The ghost sector will consist of the bosonic and fermionic ghosts f3, 7 and b, 
c [^] . We thus have the following fields making up the topological string, with their conformal dimensions 
given in Table 1. 



b 


c 


/3 


7 


T 

-'111 


Gra 






d(j) 


d(p 






2 


-1 


2 


-1 


2 


2 


1 


1 


1 


1 





1 



Table 1. Conformal dimensions of the topological string ingredients 



Then the formulae (2.8)-( 2T2| ) can very easilyQbe modified to produce the s£(2|l) algebra constructed 
out of the fields from Table 1: 



w 

T2 



+ 



1 , 



2^ 
1 / 9 



-3 + k)d<l> + + 



2V2q2 



2 >^2q2 



+ i(3 + k)d(l)ij - ^Hm^ -{k + ^)d^)e- 

2V2q- 



(4.3) 



i(3 + k)d(l)^ - ^Tim i^ + {k + ^)d^)e-'^ , 



while £i = Ei, eqs. ( |2.7D (and uniquely determined by !Fi and ^^2). Here q is a free parameter, which 
will be related to the topological Liouville background charge. To see how this can be done, consider the 
'topological' analogue of the 'completeness relation' ( 2.141) . The formulae (|4.3| ) differ from ( |2.8D -( ^tT ) 
essentially by a redefinition of the fields by means of an 0(2,2) rotation in the space of the four ghost 
currents be, Pj, /?7, and r/^: the be and P"f currents in ( ^4.3]) are particular linear combinations of the four 
currents from ( |2.8| )-( ^T1 ). Then the construction of the 'Drinfeld-Sokolov' ghosts changes accordingly: 



in the topological setting, we define, instead of (|2.13D , 

B, = 5e-(9/(2q2)+qV3)<^^ 



7 e 
ce 



(9/(2q2)-qV3)</. 
(9/(2q2)+q2/3)<^ 



(4.4) 



Now, we evaluate the energy-momentum tensor for these 'Drinfeld-Sokolov'Q ghosts and add it with the 
s£{2\l) Sugawara energy-momentum tensor; the latter, however, has to be doubly twisted, then it follows 
from the previous formulae that 

^ (n- n- -n+n+ + \£i2 + 1^12 + \£i ^1 - \Tx £1 - \£2 ^2 + ^^2 £2) + dn- + dn+ 

- dBt Ct - 2Bt dCt - 5Bt Tt - 2Bt dVt 

= Za-dbe-2bde-dp-f-2/3dj- d^dcp + dip^ + {q^ + k)dd(j) , 

(4.5) 



''The re ason b eing t hat Fi, F2 and H (and hence F12) depend only on the combination /37 + /37 + 2r;^ + 26c, as can be 
seen from (|2J^)-(P^). 



^In the topological context, the name may be misleading, but we continue to use it in order to keep track of the various 
ghost theories. 
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thereby recovering (for ■0 = dx) the energy-momentum tensor of the topological string. 

Dimensions of the 'composite' fields evaluated with respect to the energy-momentum tensor on the 
LHS of ([4. 51) , are as follows: 





£2 


£12 




n- 


^1 


^2 


^12 


Bt 


Tt 


St 


Ct 





1 





1 


1 


2 


1 


2 


2 


-1 


2 


-1 



Table 2. Conformal dimensions of doubly- twisted s£{2\l) currents and Drinfeld-Sokolov ghosts 

5 Constructing the highest- weight states and a KPZ-Uke picture 

In this section, we go further with the analysis of the new representation for the s£(2|l) algebra and 
consider briefly how states in the representation space of s£{2\l) can be built in terms of the 'stringy' 
ingredients. We begin with the s£(2|l) construction induced from the topological string, since this would 
allow us to have fewer fields without missing any general feature. 

In the ghost sectors, we choose the s/(2)-invariant vacua |41] 



^>-ll^/fec 

In the ■0'0"Sector, similarly 



|0),, = 0, c>2|0),, = 0, /3>_i|0). =0, 7>2|0) 



0. 



(5.1) 



^>o|0)^^ = 0, V'>i|0)^^ = 0. (5.2) 

Consider further the topological matter sector (^]3). There are two different types of highest-weight 
conditions for the N = 2 algebra: i) those that define 'chiral' primary states ||3^, 



Q>i\Kl) 
no\h) 

Co\h) 



h\hj) , 
i\h,i) 



c>i\h,e) = n>i\h,i) 



(where T{z) =j:^n G{z) =Y.Qn Q{z) = E Qn n{z) 

that define 'chiral' and at the same time 'BRST-invariant' primary states, 



= 0, 

(5.3) 

-z""^"*^), and ii) those 



Q>o \h) 
'HQ\h) 



Q>o\h) 

h\h), 

0. 



c>i\h) = n>i\h) = 0, 



(5.4) 



In pi, the latt er were called topological primary states, but the term may be a bit overloaded in the 
present paper. 

The s^(2|l) highest-weight states can be obtained by tensoring the corresponding N = 2 highest-weight 
states with the free-field vacua. The parameters have to be related in order that the sl{2\l) state satisfy 
the required conditions. In this paper we only consider how this works for the N = 2 topological highest- 
weight states. In fact, the s£(2|l) highest-weight states come out tensored with the 'Drinfeld-Sokolov' 
ghost vacua: consider 



(5.5) 



where \p)-^^ is a state corresponding to the vertex operator expp0. From (4^) it follows that (5^) is a 
proper vacuum for each of the 'Drinfeld-Sokolov' ghost systems. For the s^(2|l) currents (|4.3|), similarly. 
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we find (with the mode expansions of the currents performed in accordance with their dimensions from 
Table 2): 



(£:i)>l|p,/l)^^(2|i) = 0, {£2)>o\P,h),f,(^2\l) = 0' ('^12)>l|P,/i)s^(2|l) = 0' 

(J^l)>0|p,/l)^^(2|i) = 0, (•^2)>l|P,/l>^^(2|l) = 0, (•^12)>l|P,/l)^^(2|l) = 0, (5.6) 

In addition, we find the following eigenvalues of the Cartan operators: 



(5.7) 



^0 |P' ^)s£(2|l) — ~§ l^*' ^)s^(2|l) ' 
^0 l^'' ^)s^{2|l) = 2 1^*' ^)s^(2|l) ' 

which actually label the states we are considering^. 

Those modes of the currents that do not annihilate the state thus constructed, do generate a module 
from \p, h)^^f^2\i)- terms of the 'component' fields from Table 1, these are evaluated e.g. as 

(.^l)_l|p,/l),,(2m = \0)kc^\0)p^^\0)^^^iGrn)-l\h)<E)\p)^^ 

- ^ \0)bc ® |0)/3-y ® i^-i\0)^^ ^\h)<S, \p)^^ , (5.8) 
(•^2)o|p,/i),f(2|i) = 2^|0)b,® 10)^^0 Vo|0)^^C3|/i)C3|p)^^, 

etc. 

However, the absence of the annihilation condition for (.^-"12)0 (which would be (-^12)1 in the standard 
setting with the currents being of dimension 1, as corresponds to the untwisted Sugawara energy- mom- 
entum tensor) means that we are in the s£(2|l) module with infinitely many highest-weight vectors (thus, 
in a sense 'without' a highest-weight vector, assuming this to be unique); our aim, on the other hand, is 
to build an s£(2|l) Verma module with a unique highest-weight state out of the ingredients of the N = 2 
string. This requires introducing further relations between the parameters involved, which entails the 
restriction to a class of 'overdetermined' s^(2|l) highest-weight states. An obvious possibility is to set 
p = h, then we see from ( ^ ) that (.^2)0 would vanish on the highest-weight state, and hence so would 

do (J^12)o- 

For the honest N = 2 string, such a mechanism of having, in that case, (^2)0 a-nd (-Fi2)i vanish 
simultaneously on the highest-weight state works as follows. First of all, the construction similar to (|5.5| ) 
follows by tensoring both sides of ( |5.5| ) with the missing ghosts and then performing the appropriate 
0(2,2) mixing in the ghost sector. Then we would have {Ei)>q 0, (£^2)>o ~ 0, (£'i2)>o ^ 0; (-^i)>i ^ 
0, {F2)>i ~ 0, (-Fi2)>2 ~ on the thus constructed state. Further, the energy-momentum tensor ( |2.5| ) 
endows it with dimension {p — h)/2. Now, requiring this to vanish will also result in the vanishing of the 
total U{1) charge[] and, on the other hand, will also he the condition for (-^2)0 ^'^^ (-^12)1 io annihilate 
the highest-weight state (with the other highest- weight conditions already satisfied). Thus the requirement 
that the free fields dress the N = 2 topological highest-weight state into a massless si{2\l) state produces 
the restricted class of the s^(2|l) highest-weight conditions. 

Thus, the N = 2 string appears to be a 'self-KPZ' theory, for which the appropriate generalizations of 



the DDK ansatz [27, Eq] in the conformal gauge and the KPZ formulation |29, 30 1 can be carried out on 



the same field space. 



The third parameter, the eigenvalue k of the central element of the algebra, is omitted from the notations. 
^To avoid confusion, not e th at our normalization of the Liouville currents d<j) and dip differs from that of ref. [M by a 



transformation of the form (2.4) 
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We would like to stress that one has the Verma module over the highest-weight vector (5^) in the 
N = 2 matter sector (hence, in particular, no 'accidental' vanishing of singular vectors can occur unless 
one bosonizes the matter sector through free fields, thereby going over to Fock modules). 



6 A 'non-stringy' reformulation and the Wakimoto representations of 
the affine si{2\r 



Our construction of section 2 employed the full set of fields of the N = 2 string in the conformal gauge. 
As a result, we were able to construct not only the s^(2|l) currents, but also the Drinfeld-Sokolov ghosts; 
the theory s^(2|l) (DS ghosts) was singled out by the 'completeness relation' ( ^.14|) , whose RHS gives 
the N = 2 string energy-momentum tensor. However, when one is not particularly interested in the string, 
one may prefer having fewer ingredients at the starting point and, accordingly, only the s^(2|l) currents 
(with no extra 'Drinfeld-Sokolov' ghosts) as the output. Such a reformulation is easy to arrive at, by a 



change of basis in the space of the free fields: in addition to ( 2.16 ), one introduces 

dU = -\d4>-\{2,-k)dct) + bc+\l3-i + \p^ + r]^ (6.1) 

Then dF and dU , with 

dF{z)dF{w) = , dU{z)dU{w) = , (6.2) 

can be considered as new independent free fields, and the s£(2|l) currents at level k ^ rewrite in terms 
of Tm, -ffm, Gm, Gm, F, U, ip, and V as 

H+ = -iH^. + l'^^, H-=dU, 

Fi = {Grn-^dF-^H^lp-{k + ^)d^)e--^^^-^\ (6.3) 

F2 = {{k + l)Grn + ^dF -\H^,^ + {k + \)dilj)e--k^^-^\ 

Fi2 = {-dFdF - {k + l)ddF + {k + 2)TN=o)e-^^^-^\ 

where the 'effective' energy-momentum tensor Tjv=o stands for the second expression in (111). Equa- 
tions (|6.3| ) show, in particular, that dU is nothing but a 'bosonization' of the diagonal current from the 
si{2) subalgebraQ; thus, factoring it away would leave us with the appropriate super-parafermions, which, 
too, would be represented in terms of an arbitrary N = 2 matter with the appropriate central charge and 
the free fields F, -0, tp. The Sugawara energy-momentum tensor ([A.2|) evaluates in the realization (|6.3D as 



Tsug = Tin - IdF dF - ddF - 5^ + h^i^ ^ + IdU dU (6.4) 

The principle that (^]^) inherits from the construction of section 2 is that the N = 2 matter sector can be 
arbitrary. 



Recently, the Wakimoto s£{2\l) modules |25] and their relation to the N = 2 strings were considered 



in [g4[. As was pointed out in [^] on the sl(2) example, representations of the type of those considered 



One should probably have normalized the dF and dU currents to ±1 over the poles in (3.2), in which case the exponents 
in (6.3) would acquire the factors ±-\/^, iV^' ^^'^ energy-momentum tensor in (6.4) would take the canonical form. 



An essential point is that, in whatever normalization, the currents dU and dF have opposite signatures. 
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in the present paper (in particular, eqs. (|6.3| )) can be mapped onto the Wakimoto representations at the 
expense of exphcitly bosonizing the matter sector through some free fields. The same is true for the si{2\l) 
algebra, however there are some new features due to the existence of two simple root systems not related 
via a proper affine Weyl group reflection. 

The fact that s£(2|l) admits two different simple root systems manifests itself in the hamiltonian reduc- 



tion: there exist two different ways to perform the hamiltonian reduction of s£(2|l) to A^ = 2 matter 
Another consequence of the existence of two simple root systems has been worked out in Q], where a 
'second' Wakimoto representation for s£{2\l) was found, related to the appropriate 'second' Gauss decom- 
position. An interesting question thus is whether the two essentially different Wakimoto representations 
are related in any reasonable way to the realization ( |6.3| ). As we have noted, the s£{2) experience tells us 
that the Wakimoto ingredients can indeed be constructed as soon as one explicitly 'bosonizes' the matter 
sector in terms of free fields. Such a bosonization is just what we have been carefully avoiding, since 
an important property of the realization ( |6.3D is that it is valid for an arbitrary matter sector. Now, in 
contrast to our strategy so far, we do bosonize the N = 2 matter sector (Tm, Gm, H^, Gm) and see if the 
necessary ingredients of the Wakimoto representation can be constructed in the resulting space of free 
fields. 

However, there are two essentially different ways to 'bosonize' the N = 2 matter. The first one is 
through a complex scalar and a fermion, 

dX{z) dX{w) = ^ , x{z) XH = — , (6.5) 

[z — wy z — w 



as in |3g, |37[ (modulo simple field redefinitions): 



Tin = ^xdx-^dxx + dXdX -^ddX -^{k + l)ddX , 

= dX-{k + l)dX -XX, , , 

- - 6.6 

= -x9X + (A; + l)ax, 

Cm = xQ^ -Qx- 



The operator products ( |6.5D are invariant under rescalings similar to (^.6|), and this freedom, both in the 
dXdX and xx sectors, has been used in order to minimize the number of times {k + 1)~^ appears in (|6.6| ) 
and the subsequent formulae. 

The following formulae show why we needed the fields x, Xj dX and dX to represent the N = 2 matter: 
the Wakimoto ingredients are constructed in terms of the free fields from (|6.3p and (|6.6D as 



/3w 


= ei(^-^). 








7w 


= (dF + \{k + l)dX + \dX + 




2XX 


(A; + l)V'x)e-i(^-^), 




= dX-^dU + ^dF, 






= dX + ldF-ldU, 


w 


= xe-i(^-^) + (fc + l)V^e-i(^- 


-F) 


w 




w 






^(2) 
w 


= V'e-i(^-^) + (A: + l)xe 



(6.7) 



which would be impossible had we had only the generators Tm, Gm, Gm and (and the remaining fields 
F, [/, and 4^,11^). The Wakimoto fields (|6.7D can be considered as an independent bosonic beta-gamma 
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system, a complex boson and two fermionic be systems with operator products 

-1 ^ , . ^ , . 1 



/3w(^)7w(^«) 



z — w 

-1 



[z — w) 

1 



(6. 



z — w " z — w 

Now we insert the fields ( |6.7| ) into the Wakimoto realization for s£{2\l). A convenient form of the latter 
is obtained from the formulae of refs. |2^, 34 1 by simple field redefinitions which are automorphisms of the 
defining operator product expansions: 



El 
H+ 
H~ 

Fi 

F2 
Fl2 



(2) 



E 
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2 w w 

1^(1) 

2 w w 



2 ^ w " w 
1^(2) -^(2) 



" w 



" w 



w 7w + d^w 



w 



(6.9) 



- + 7w - + kd^^:^ , 



-7w 7w /?w + 7w + + l)5¥'w 7w - ^57w + 7w + 7 



w 'W 



After the substitution ( |6. tJie currents ( l6.£| ) become the respective s£{2\l) currents ( fT^j with the N = 2 
matter generators taken in the bosonized form (|6.^}. 



Furthermore, the standard Wakimoto screening operators |25, 18, 1(:] map under ( |6.7p into the N = 2 
matter screenings [^, 39 1: 



w 



(^«/3^-(A; + l)^^)) 



(6.10) 



- 2dip^ + dp^] ) A 



2-'=e"^w"(''+^)'^w (6.11) 



Similarly, the bosonic screening operator 
(^d^^P^ + 3{k + l)'^'^~> ^i>W + {k + l) 
evaluates under ( |6.7D as 

(ax - 3(A; + l)xx- 2(A; + l)dX^ ^~x^(k+i)x ^ (g_;L2) 

thus reproducing the third screening in the bosonized matter theory (|6.6| ). That the Wakimoto screening 
operators 'localize' in the matter sector under the mapping to the new representation appears to be a 
general fact (cf. [23|), and might be used as an alternative definition of the matter sector. 

It should be pointed out that the screening charges written in terms of X) X) dX and dX imply a 
specific free- field realization ( |6.6| ) of the N = 2 matter sector, which we only assume for the purposes of 
establishing a relation to the Wakimoto representation. Using a particular free-field realization is a matter 
of choice, and in that sense is not 'intrinsic', as is stressed in the N = 2 case by the existence of a different 
free-field realization of the algebra (A. 3), which we are now going to consider. 



Now, consider an alternative realization of the N = 2 matter |4C, |T^] in terms of a fermionic 6c-system 

iFivav (ia_ + 



WW, a 'Liouville' current dJ- and a free boson with the energy-momentum tensor Tq = ^dX dX 
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a-^-)ddX (with central charge do = 13 — 6{k + 1) — -j^, hence k — !)• This realization reads 
= To-^dTdJ^ + a+ddJ^-^iodiJ-^dujiJ, 

Gin = ^ , 

+ ^2(^+1) 

The Wakimoto fields with the same operator products as in ( |6.8D can now be constructed in the following 
way: 



(6.13) 



/3w 
Tw 



w 



(5F 



^ i; dXuJ + {k + diJ + ^ujZj) e" fc^^"^) , 



^ ^ ^2(fc+l) 



V2(fc+1) 



^ + (A: + ^ + (/c + 1)9-0 w , 



+ JWi^dF - J^^ijdX -{k + 1) di/j) e-i(^-^) , 



w 

(2) 



2 

i(C/-F) 



'0et^^-^\ ^-g) = (V'- ^/^^•^^+\/^^'^'^-('^ + l)^)^~^^^~■^^• 

(6.14) 

As before, these formulae provide a bridge between our realization (O) and the Wakimoto representation 
of s£{2\l); however, the representation ( |6.3| ) (with the N = 2 matter generators expressed as in ( 6.13| )) will 
be reproduced if we start with the ^second'' Wakimoto representation of ref. |34], which can be written as^ 



El 
H+ 

Fi 

F2 
Fl2 



/?w + 1) ^i^^ -ik + l) , E2 = ^'S^ , F 

2^^w 2\'^'^)^^Vf 2^w w 2^w w ^ ' w /^w ' 



^g) 7w /3w - ^i^^ - + 1) ^i^^ 7w - ^i^^ - + 1) ^^i^^ 7w + , 

-7w7w/5w + 5^w7w + + l)5^w7w - ^57w + ^^^^w 7w " ^i^^^w + ^i^^^w 7w 

(6.15) 

It is amusing to see how the various pieces of the N = 2 matter generators ( |6.13 ) find each other when 



eqs. ( 6.14 ) are inserted into ( |6.15| ). 

Thus, allowing the N = 2 matter generators to be bosonized through free fields, we can relate the 
corresponding Fock space image of the representation (|6.3| ) to the respective Wakimoto representation. 
Not surprisingly [^], the two different bosonizations of the N = 2 matter are thus related to the respective 
inequivalent simple root systems of sl{2\\). By restricting to osp{l\2) and s^(2), one can work out similar 
relations for representations of these algebras. 

^Certain rescalings of the type of eq. ( ^.(j ) woul d slig htly simplify the expressions for the Wakimoto fields, at the same 
time introducing factors in front of some terms in (3.15); in the present normalization the formulae ( |6.15| ) have as much as 
possible (e.g., the Cartan subalgebra) in common with the 'first' Wakimoto representation (6.9). 
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7 Concluding remarks 



We have shown that any non-critical N = 2 string in the conformal gauge reformulates as the s^(2|l) 
theory tensored with two bosonic and two fermionic 'Drinfeld-Sokolov' ghost systems. The construction 
of the s£(2|l) currents appears to be 'rigid', admitting no free parameters, modulo the above-mentioned 
automorphisms of the defining operator products (it is a useful exercise to lift the spectral flow transform 

|3| to the s£(2|l) algebra). 

The present construction may provide new group-theoretical ^explanations^ for a number of hidden 
supersymmetry algebras that arise in non-critical string theories. 

An important problem left for the future investigation is that of a precise comparison of the physical 
states (i.e., the BRST cohomologies) of the s£(2|l) theory and the N = 2 string. The problem may 
be feasible by the methods developed in conformal field theory. In the N = 2 matter sector, we have 
just the corresponding Verma modules, hence no need for screening charges to project from the Fock 
modules. However, the two systems that participate in the construction (p?^)-( 2rT^ ) are potentially 



more interesting from the cohomological point of view: as we have noted, the s^(2|l) currents depend 
only on the respective (3^ currents, which excludes, by the well-known argument (see |4l| and numerous 
subsequent applications of the idea), the zero mode of a spin-0 fermion that participates in the bosonization 
of the P'y system. 



One may wonder how special the realization ( p.7[) ~( 2.12 ) of the s^(2|l) algebra is. A related question is 
whether one can reconstruct the non-critical A^ = 2-string fields from an 'abstract' s£(2|l) algebra and the 
Drinfeld-Sokolov ghosts (we have seen in ( 2.14| ) that only with these ghosts added do the energy- mom- 



entum tensors match and thus there is a chance to recover the N = 2 string) . The N = 2 matter sector 
can indeed be recovered, in quite abstract terms, via the hamiltonian reduction. The two bosonic and 
two fermionic Drinfeld-Sokolov ghost systems can roughly (in fact, modulo some mixing with the other 
free fields) be traded for the same number of bosonic and fermionic N = 2 string ghosts. The problem is 
therefore concentrated in the N = 2 Liouville sector (|2.4D . The current -0 V could then be found from the 
second equation in ( p.^ ) (assuming the matter U{1) current known from the hamiltonian reduction). 
This leaves us with the first equation in (|2.8| ), which does not, however, allow us to determine dcp and 
d(j) in terms of the given s£(2|l) currents and the other ingredients which we assumed known: the matter 
U{1) current and the ghost currents B C, BF, BF, and BC; only the combination —dcj) -|- (A; -|- 3)d(j) 
can be determined. That finding d(p and d(j) and hence all the N = 2 string ingredients should require 
some special assumptions is also supported indirectly by the fact that the N = 2 string has an = 4 



symmetry |17]; if we had been able to identify the N = 2 non-critical string in a general representation 
of si{2\l) ® (DS ghosts), we would have had to conclude that the A^ = 4 generators could be constructed 
in any such representation as well. Anyway, it would be interesting to find the mildest requirements that 
would make that possible. 

As we have seen, the module in which the s£(2|l) currents ( |2.7| )-( |2T^ ) are represented can be con- 
structed by tensoring the N = 2 matter Verma module with free field Fock spaces. This allows us to 
expect that the s^(2|l) singular vectors would evaluate as the N = 2 superconformal singular vectors (thus 
it happens in the s£(2) case |4C, 23, ^). However, the effects due to the different types of the N = 2 |2^] 
and s^(2|l) singular vectors and the sit6singular vectors of these algebras will have to be accounted for, 
which appears to be an interesting problem. 

Acknowledgements. I am grateful to P. Bowcock, A. Taormina and A. Tseytlin for stimulating my 
interest in = 2 strings and for very interesting discussions. Extensive computations of the operator 
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This work was supported in part by the RFFI grant 96-02-16117 and by the European Community grant 
INTAS-93-2058. 

Appendix 

The s^(2|l) algebra consists of four bosonic currents E12, F12, and and four fermionic ones 
El, E2, Fi and F2. The non- vanishing OPEs read, 



H-{z)Ei2{w) 
Ei2{z)Fi{w) 
Fuiz) Ei{w) 
H^{z)Ei{w) 
H^{z)E2{w) 
Ei{z)Fi{w) 
Ei{z)E2{w) 



=F 



k/2 



{z — wY ' 
E12 
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— w ' 




E2 


z 


— w 




F2 




z — w 


1 


El 



=F 



z — w 
1 E2 



z — w 

k 



+ 



H+ -H- 



{z — wY z — w 
E12 



z — w 



Euiz) Fi2{w 
H-{z)Fi2{w 

Ei2{z)F2{w 
Fi2{z)E2{w 

H^{z)Fi{w 
H^{z)F2{w 
E2{z)F2{w 
Fi{z)F2{w 



k 



+ 2- 



H- 



{z — wY z — w ^ 
—F12 



z — w 
El 



z — w 
Fi 



z — w 

1 ^1 



(A.l) 



z — w 

1 ^2 



z — w 

k H+ + H- 



{z — wY z — w 
F12 



z — w 



all the other OPEs being regular. The Sugawara energy-momentum tensor reads 

Tsug = ITT H- -H+H+ + \Ei2 F12 + \Fi2 E12 + \Ei Fi - \Fi Ei - \E2 F2 + \F2 E2) (A.2) 
The N = 2 matter, which is one of the ingredients to construct the s^(2|l) currents, is defined by 

Tm{z) Tra{w) 



Cm/2 ^ Tmjw) dTra{w) 



Tm{z) Gm{w) 
Hmiz) Gm{w) 



{z — w)^ {z — wY z — w ' 

Cm/3 



{z — wY ' 

3 Gra{w) ^ dGmjw) 

^ (z — wY z — w 

Graiw) 



Tm{z) Graiw) 
Hra{z) Gra{w) 



z — w 

Cm/3 Ha^H , T,a{w) - ^dHrniw) 



(z — wY z — w ' 

3 Grajw) ^ dGra{w) 

^ (z — wY z — w ' 

_GmH 

z — w ^ 



(A.3) 
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For completeness, let us also list the non-vanishing osp{l\2) OPEs: 



i^{z)r{w) 



i\z)r^{w) 

I^^z)I^^w) 



k 2/0 

+ 



(z — wy z — 

-2k P 
2- 



{z — w)2 z — 



1 



T2- 



z — 
z — w 



l\z)l\w) 
f{z)I^{w) 

I^{z)I^^w) 



k/2 



{z — w)"^ ' 
{z — w) 



w 



(A.4) 
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